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ABSTRACT  

In this study, a two-dimensional numerical method is employed to discretize the governing 

equations for heat transfer and mixed convection inside a square cavity with a sinusoidal 

bottom wall. The numerical method is based on the variational formulation/finite element with 

triangular nonsymmetrical elements.  The vertical walls of the cavity are kept at a constant cold 

temperature, while the constant temperature heat source is applied to the sinusoidal bottom 

wall. The top wall and the rotating cylinder inside the cavity are considered insulated. The 

dimensionless angular velocities of an insulated rotating solid cylinder that have been 

considered are 0, 3000, and 6000 clockwise/counterclockwise. The working fluid is Al2O3 

nanofluids with porous media at varying ratios. This analysis examined various ratios of 

nanofluids/porous media (nanoporous) volumes to the total enclosure volume, ranging from 

0% to 100%, with a 25% increment. The effect of nanoporous media volume on the main 

pertinent parameters (velocity vector, heatlines, isotherms, dimensionless entropy, Bejan 

number, streamlines, and Nusselt numbers) is investigated at various solid cylinders’ rotational 

angular velocities. A constant Rayleigh number (104), Darcy number (10-3), and nanopartical 

solid volume fraction (0.02) are used. The results of the present work have been validated 

against several published works, to test the accuracy of the present analysis. In the present 

analysis, the data is plotted for different main parameters. The findings of this work showed 

that the average Nusselt number values on the hot wall increase as angular velocity increases, 

regardless of the rotational direction. Additionally, increasing the ratio of porous 

media/enclosure volume above 75% does not significantly impact the Nusselt number. 
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Nomenclature Greek characters 

Amp Dimensionless form  of the Wavy Surface 

amplitude  

ρ Density (kg m−3) 

Cp A specific heat under constant pressure (J 

kg−1K−1) 

β The coefficient of thermal expansion 

(K−1) 

Da Darcy number, K/L2 Sgen Local entropy generation 

g Acceleration due to gravity (m s−2) Ṡ Local entropy generation in all 

computational domains 

HH Nanoporous media height inside the cavity Π  Heat functions. 

h Local coefficient of heat transfer (W 

m−2K−1) 

α Thermal diffusivity (m2 s−1) 

K Permeability of the porous medium (m2) ε Porosity of porous media 

k Thermal conductivity (W m−1 K−1) ν Kinematic viscosity (m2 s−1) 

LC The enclosure’s Characteristic length (m) θ  Dimensionless form of temperature, 

N Amplitudes number  θ  =(T-Tc)/(Th-Tc) 

p Pressure (N/m2) 𝜙 Nanoparticle volume fraction 

P Dimensionless Pressure    (
𝐩

𝛒𝐟𝐔𝐨
𝟐  ) Ψ Stream function 

r Radius of the inner cylinder (m) ω Inner cylinder rotational speed(rad 

s−1) 

R Dimensionless form of the  inner cylinder 

radius R=r/Lc 

Ω Dimensionless form of rotational 

speed of the cylinder, Ω = ωLC
2/αf 

T Temperature (K) μ Dynamic viscosity (N.s.m−2) 

𝐔 ˳ Linear velocity,U o = ω r μnf Nanofluid dynamic viscosity 

(N.s.m−2) 

u  , v  components of Velocity (ms−1) μf Base fluids dynamic viscosity 

(N.s.m−2) 

U ,V  Dimensionless  components of velocities, 

V  = v / U ˳   , U  = u  /U ˳ 
Subscripts 

 nf,p Nanofluid and porous medium 

x, y Dimensional coordinates (m) c,h Cold, Hot 

X,Y Dimensionless coordinates,  

X= x/LC, Y= y/LC 

f Base fluid 

 gen Generation 

Dimensionless numbers gen,T Generation due to temperature effect 

Be Bejan number, Be =
S gen,T

S gen
 

gen, μ Generation due to viscous 

dissipation 

Gr Grashof number, Gr = gβf (Th-Tc) (Lc)
3 /vf nf Nanofluid 

NuL Local Nusselt number, Nu = h Lc/kf np Nanoparticle 

Nu     Mean Nusselt number o Cavity center, standard conditions 

Pr Prandtl number, Pr= νf /αf p Porous 

Ra Rayleigh number, gβf(Th − Tc)LC
3 / νfαf   

Re Reynolds number, Re = U˳L/νf   

Ri Richardson number, Ri= Gr/Re2   
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INTRODUCTION 

The heat transfer by convection is one of the most crucial heat transfer processes that researchers 

focus on, and it is widely used in numerous applications, including water boiling, atmospheric 

warming, and solar heaters, (Lin et al., 2022, Sivasankaran and Mallawi, 2021, Vengadesan and 

Senthil, 2020). The convection heat transfer can be divided into two categories: free or natural 

convection, which is caused by buoyant forces, and forced convection, which take place when 

fluid flow is influenced by external sources like a pump or fan. To improve the system's thermal 

efficiency, most researchers study free convection because it has a lower heat transfer coefficient 

and there is no external source that can be adjusted to increase the heat transfer efficiency as in 

forced convection heat transfer, which makes free convection less costly than forced convection 

and no operating issues(Al-Asad et al., 2021, Bashir et al., 2019, Ghalambaz et al., 2020, Mehryan 

et al., 2020). 

In certain applications, the heat process can be influenced by buoyant forces, inertial forces, 

and viscous forces at different degrees. This process is known as mixed convection because it 

involves both forced and free convection mechanisms at the same time. These applications include 

thermal storage unit design, solar collectors, journal-bearing lubrication, nuclear reactors, fuel 

rods, cooling of electronic equipment, drilling of oil wells, and heat exchangers(Abderrahmane et 

al., 2022, Ahmed et al., 2021, Ghorbani et al., 2010, Hatami et al., 2021, Hrairi et al., 2010, Isede 

and Adeniyan, 2021, Lipiński et al., 2021). Researchers have explored various techniques to 

improve heat transfer in cavities. These strategies include manipulating heating positions with 

discrete heaters (Rashid et al., 2023) inducing motion in one or more enclosure walls (Zheng et 

al., 2013), employing fixed or rotating objects (Selimefendigil et al., 2017), modifying the 

enclosure geometry(Aberoumand and Jafarimoghaddam, 2016), and utilizing fins or baffles. 

Enhance the thermophysical properties of the typical fluid by adding a nanoparticle, known as 

nanofluids, which is one of the most productively ways to improve the heat rate within cavities. 

Nanoparticles typically range in diameter from 1 to 100 nm (Bellos et al., 2018, Cherkasova and 

Shan, 2008, Trisaksri and Wongwises, 2007, Yazdanifard et al., 2017) and consist of different 

types of metallic and non-metallic materials (Ahmed et al., 2019, Das et al., 2006), such as Al2O3, 

CuO, TiO2, TiC, SiC, Fe, Cu, Ag, Au, ..etc. (ÖZERİNÇ, 2010, Vakili et al., 2013, Yazdanifard et 

al., 2017). Several studies have been performed in nanoparticles shape and size such as (Dadwal 

and Joy, 2020, Ghaffarkhah et al., 2020, Maheshwary et al., 2020, Sharifi et al., 2020, Trodi and 

Benhamza, 2016, Xie et al., 2002, Zahmatkesh et al., 2021a, Zahmatkesh et al., 2021b). (Hatami 

et al., 2021) deduced that the heat transfer improves by rising the volume percentage of 

nanoparticles. They also noted that nano-rod alumina shows better heat transfer performance and 

Nusselt number compared to spherical alumina nanoparticles. (Tiwari and Das, 2007) analyzed 

the use of nanofluids for mixed convection inside enclosures. They studied the enhancement of 

heat rate in a lid-driven square cavity by adding nanoparticles. Their results showed that the 

average Nusselt number related with the solid volume fraction of the nanofluid in a nonlinear 

relationship. 

(Misirlioglu, 2006) investigated mixed convection in a square enclosure filled with porous 

media. His results showed the forced convection regime is typically more influenced by the 

cylinder's rotation than the mixed convection regimes. Many studies have studied the whole effect 

of different cavity shapes on heat transfer and fluid flow under various boundary conditions. 
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The results have shown that the geometry of the cavity plays a critical role in heat transfer (Zafar 

et al., 2023). These geometries start from simple geometry like square enclosures with internal 

objects, curved tubes, rectangular shapes, and annular enclosures (Ahmed et al., 2020, Alam et al., 

2012, Ali et al., 2018) to complicated shapes like H-shaped and trapezoidal cavities (Ali et al., 

2020, Zhixiong Li, 2019). (Baïri et al., 2014) showed the influence of different enclosure shapes 

on the flow of fluid and heat rate under various boundary conditions, considering different heat 

source distributions and Rayleigh numbers. (Shih and Cheng, 2015) analyzed the influence of 

viscous dissipation on heat transfer inside cavities with different geometries, including squares, 

circles, and equilateral triangles with an adiabatic inner-revolving cylinder.  

Recently, enclosures with a corrugated wall have been considered as another complex cavity 

shape that has attracted significant research interest. (Al-Amir et al., 2019) introduced a numerical 

analysis of the amplitude’s effect and the undulations on a wavy surface on heat transfer. Their 

data demonstrated that increasing the surface amplitudes and undulation numbers at a constant 

Reynolds Number resulted in a heat transfer rate increasing.  

(Zarei et al., 2022) studied the impact of a free convection inside a two-dimensional enclosure 

with a sinusoidal function wavy wall filled with Cu-Water nanofluid. They found that the Nusselt 

Number of the wavy wall increases as the wave amplitude increases. 

In a study by (Alsabery et al., 2018), a numerical investigation was conducted on mixed 

convection in a wavy-walled square enclosure filled with Al2O3–water nanofluid with a rotating 

cylinder. They assumed that the side walls of the cavity were cooled and wavy. The top and bottom 

walls were insulated, they found that increasing the solid volume fraction improved the Nusselt 

number, and the revolving cylinder improved the heat rate for Rayleigh numbers less than 5 × 105. 

Furthermore, the findings showed that the irreversibility due to temperature difference is dominant 

when the inner cylinder at rest. In contrast, when the cylinder rotates (Be < 0.5), the irreversibility 

controlled by nanofluid friction is the primary contributor. 

Several researchers have studied and compared the impact of various cavity shapes on heat 

transfer. Recent studies have examined the saturation of porous media with nanofluids under 

various conditions, including changing geometries, considering different flow regimes, and using 

various boundary conditions and thermophysical characteristics(Jabbar et al., 2020, Khanafer and 

Vafai, 2018, Varol et al., 2009). 

The impact of porous medium on heat transfer rate was examed by (Prasad et al., 2017), using 

both numerical and experimental analysis. They conducted tests on a variable heat flux applied on 

vertical porous plate, using two types of nanofluids: silver (Ag) and copper (Cu) with water-based. 

The finding showed that the Cu-water nanofluid performs better than the other in terms of wall 

friction. Also, the fluid temperature drops with increasing heat source parameter values for both 

Cu-water and Ag-water nanofluids. (Hamdi et al., 2023) investigated heat transfer by convection 

in a vented square cavity with laminar flow.  The porous media was filled with various nanofluids, 

such as Al2O3, Cu, Fe3O4, and Ag. The research demonstrated that the change of Reynolds and 

Darcy numbers infeluence the flow pattern and heat rate in the enclosure. Also, the heat rate rate 

in the enclosure is significantly influenced by the location and the thickness of the porous layer. 

Moreover, the Ag nanoparticles exhibited the highest thermal transfer rate compared to other 

nanoparticles. 
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This study yields results with broad practical implications for thermal management (air 

conditioning, heat exchangers, heat pipes, solar collectors, automotive cooling, radioactive waste 

cooling, and geothermal reservoirs), industrial processes (oil well drilling, chemical separation, 

and lubrication), structural engineering (steel bridge cables and rotary shafts), and environmental 

science (contaminant dispersion in soil). 

 As far as we know, a limited number of researches have been done to understand how 

changing the ratio of the nanoporous medium (porous media saturated with nanofluid) to nanofluid 

affects heat transmission by mixed convection inside an enclosure with a corrugated surface that 

houses a revolving cylinder. Thus, investigating the connection between the porous structure and 

the nanofluid behavior on a mixed convection heat transfer within a sinusoidal corrugated 

enclosure containing a revolving cylinder, both clockwise and counterclockwise, constitutes the 

primary innovation of this work. rotates in a clockwise and counterclockwise direction. The key 

parameters considered in this study are Lc =10-1 m, r = 1.5 ×10-2 m, 𝜙=0.02, Da=10-3, Ra=104, kp= 

0.845 m2, Pr=6.2, amp=0.04 , N=6. 

 

MATERIALS AND METHODS 

Geometry  

The current study geometry is depicted in Fig.(1). It consists of a square enclosure (LC×LC) with 

non-slip walls. The upper wall is insulated, while the vertical walls are at cold temperature (Tc), 

and the wavy bottom surface is at hot temperature (Th). A solid, insulated cylinder with a radius 

(r) is located at the center of the enclosure. This cylinder can be rotated in either the clockwise 

(CW) or counterclockwise (CCW) direction at specific angular velocities.         

Five scenarios have been considered based on the volume of nanoporous media (porous media 

filled with Al2O3 nanofluid) to the total volume (filled with nanaofluid) of the enclosure. The rest 

volume of the enclosure has been filled with Al2O3-water nanofluids (see Fig. 2).  

 

MATHEMATICAL MODEL 

Assumptions  

The governor equations used in the current numerical analysis are based on the following 

assumptions (Al-kaby et al., 2023):  

- The flow of fluid is assumed to be a two-dimensional, laminar and in steady state conditions. 

- Due to high dilution, The nanofluid is taken as incompressible, single phase, and Newtonian. 

- The nanoparticles are of the same size and shape and the porous medium is isotropic and 

homogeneous. 

- All thermophysical features, except density, are assumed constant. The change in density 

creates the vertical component term that represents the momentum’s body force in formula. 

- There is a thermal equilibrium between the nanofluids inside the porous medium and the porous 

medium itself. 

- The radiation effect is neglected. 
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Velocities and Temperature Modeling 

Based on previous assumptions, the two dimensional governing equations for mass conservation, 

momentum, and energy can be written as (Kumar and Subudhi, 2021):  
∂u 

∂x
+  

∂v 

∂y
= 0                                                                                                                                     (1) 

ρnf (u  
∂u 

∂x
+ v  

∂u 

∂y
) = −C1

∂p

∂x
+ C2 μnf (

∂2u 

∂x2
+
∂2u 

∂y2
) − C3μnf

u 

K
                                           (2)  

ρnf (u 
∂v 

∂x
+ v

∂v 

∂y
) = −C1

∂p

∂y
+ C2μnf (

∂2v 

∂x2
+
∂2v 

∂y2
) − C3μnf  

v 

K
 + C1 (ρ β)nf g(T − Tc)        (3) 

(u   
∂T

∂x
+ v  

∂T

∂y
) = C0 (

∂2T 

∂x2
 + 

∂2T 

∂y2
)                                                                                          (4) 

 

where, Co, C1, C2, C3 are constants as indicated below: 

 

 

 

 

 

 

For expressing the governor formulas in dimensionless forms, the following dimensionless 

parameters have been considered. 

R =
r

Lc
,   Ω = ω 

Lc
2

αf
, X =

x

Lc
,         Y =

y

Lc
,        U = u 

Lc
αf
,        V = v 

Lc
αf
,   P =

pLc
2

ρfαf
2 , 

θ =
T − Tc
Th − Tc

,      Ra =
gβfLc

3(Th − Tc)

νf  αf
, Pr =

νf
αf
,    Ri =

Ra Pr

Ω2 R4
,     Re =

ω r  Lc
νf

, Da =
K

Lc2
  

The final forms of formulas (1,2,3and4) are: 

∂U 

∂X
+
∂V 

∂Y
= 0                                                                                                                                           (5) 

(U 
∂U 

∂X
+ V 

∂U 

∂Y
) = −C1

ρf
ρnf

∂P

∂X
+ C2

νnf
  αf 

(
∂2U 

∂X2
+
∂2U 

∂Y2
) − C3

νnf
αf

U 

Da
                                         (6) 

(U 
∂V 

∂X
+ V 

∂V 

∂Y
) = −C1

ρf
ρnf

∂P

∂Y
+ C2

νnf
  αf 

(
∂2V 

∂X2
+
∂2V 

∂Y2
) − C3

νnf
αf

V 

Da
+ C1  

(ρ β)nf
ρnfβ

 Ra Pr θ    (7) 

U   
∂θ 

∂X
 + V  

 ∂θ̆

∂Y
= C0

1

αf
( 
∂2θ 

∂X2
 +  

∂2θ 

∂Y2
)                                                                                           (8) 

 

 

 C0 C1 C2 C3 

nanoporous 𝛼e 𝜀2 𝜀 𝜀2 

nanofluid 𝛼n 1 1 0 
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The thermophysical features formulas  are: (Abu-Nada and Oztop, 2009): 

αnf =
knf

(ρ cp)nf
                                                                                                                                       (9) 

ρnf = (1 − ϕ)𝜌𝑓 + ∅ρp                                                                                                                    (10) 

(ρ cp)nf = (1 − ϕ)(ρ cp)f + ϕ(ρ cp)p                                                                                         (11) 

(ρ β )nf = (1 − ϕ)(ρ β)f + ϕ(ρ β)p                                                                                              (12) 

 

The nanofluid’s dynamic viscosity ratio given by Brink (Brinkman, 1952)       

μnf =
μf

(1 − ∅)0.25
                                                                                                                              (13)  

The  thermal conductivity ratio of nanofluid which has a spherical nanoparticles shape is 

approximated by the Maxwell-Garnetss (MG) model (Roslan et al., 2012): 
knf
kf

=
kp + 2kf − 2∅(kf − kp)

kp + 2kf + ∅(kf − kp)
                                                                                                     (14) 

 

Table1 is presenting the thermophysical properties features of base fluid and  Al2O3 

nanoparticles. 

 

The porous media properties  formulas  are (Abdulsahib, 2020, Mahdi et al., 2015): 

ε =
Vvoid
VTotal

= 1 −
Vsolid
VTotal

                                                                                                                   (15) 

ε = 0.3454 + 11.6985 (dp)                                                                                                          (16)  

 

Permeability can be represented by Blake-Kozeny’s equation as follow: 

K =
dp  
2 ε3

150(1 − ε)2
                                                                                                                             (17)   

 

 

the effective thermal conductivity is represented as: 

keff = (1 − ε)ks + εknf                                                                                                                  (18) 

 

Where: 

𝑘𝑠   :is the thermal conductivity of the solid matrix of porous media. 

𝑘𝑛𝑓  :is the thermal conductivity of nanofluids. 
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The Effective diffusivity of the porous media can be written  as follow: 

 

αeff =
keff

(ρ cp)nf
                                                                                                                                  (19)  

 

 

The  local Nusselt number along the hot temp bottom wall can be defined as: 

𝑁𝑢𝐿 = 
h

kf
  ∫ √1 + (

𝑑𝑦

𝑑𝑥
)2

∆𝑥

0

  𝑑𝑥                                                                                                   (20) 

 

The local Nusselt number can be express as a function of the tmeprature gardinet as:  

𝑁𝑢 =
𝜕𝜃 

𝜕𝑛
                                                                                                                                             (21)        

 

While, the integration of the local Nusslet number results the mean Nusselt number.  

Nu    =
∫Nu dn

∫dn
                                                                                                                      (22) 

 

The heat can be described utilizing heatlines, which are mathematically defined by 

heatfunction gained from heat fluxes by conduction (diffusion heatfunction) (−
𝜕 𝜃 

𝜕 𝑋
−

𝜕 𝜃 

𝜕 𝑌
) 

  in addition to heat fluxes by convection (convection heatfunction) (𝑈 𝜃 , 𝑉 𝜃 ). 
The heatfunctions (𝛱 ) inside the cavity  can be written as :  

∂Π 

∂Y
= U θ −

αnf,p

αf

∂θ 

∂X
                    ,             −

∂Π 

∂X
= V θ −

αnf,p

αf

∂ θ 

∂Y
    

 

The final  heatfunction derives from subsutiution the above euations in  the energy formula 

(Eq. 8) as follows: 

∂2Π 

∂X2
+
∂2Π 

∂Y2
=

∂

∂Y
(U θ ) −

∂

∂X
(V θ )                                                                                                (23) 

The streamfunction (ψ) is used to describe fluid motion. The streamfunction formulas are 

gained from velocity components U and V as follow: 

U =
∂ψ

∂Y
,              V = −

∂ψ

∂X
           

∂2ψ

∂X2
+
∂2ψ

∂Y2
=
∂U 

∂Y
−
∂V 

∂X
                                                                                                                  (24) 
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The entropy generation rate inside the enclosure is produced either by the flow of heat or the 

dissipating viscous. The form of local entropy generation rate can be desecribed as (Ingham et al., 

Vadász, 2008): 

Sgen = Sgen,T + Sgen,μ                                                                                                                     (25) 

Sgen,T =
knf
kf

[(
∂θ 

∂X
)

2

+ (
∂θ 

∂Y
)

2

]                                                                                                    (26) 

Sgen,μ = χ [2 (
∂U 

∂X
)

2

+ 2(
∂V 

∂Y
)

2

+ (
∂U 

∂Y
+
∂V 

∂X
)

2

]                                                                   (27) 

Where χ =
 To U o

2 

 ∆T2
μnf
kf

 

 The dimensionless entropy generation is    

Sgen = sgen
To
2 Lc

2  

kf ∆T2
 

The mean entropy generation in all calculations domains is determine by intergration the local 

entopy generation within the computational domain as follows: 

S gen = ∫Sgen dA                                                                                                                           (28)          

 Bejan number ( Be): is alternative value that can explain the distribution of irreversibility, 

which represents the relative contribution of heat transfer irreversibility (caused by temp 

variances) compared to viscous dissipation irreversibility (caused by friction) within a system, it 

is defined as:  

Be =
S gen,T

S gen
                                                                                                                                     (29) 

Where, Beav > 0 means dominating of heat transfer irreversibility, and Beav < 0.5 means 

dominating of fluid friction irreversibility (Basak et al., 2012). 

 

 

Boundary Conditions 

In this paper, the boundary conditions are: 

At  X =  0 and 1,       0 ≤ Y ≤ 1, U nf,p  =  V nf,p  = 0  , θ nf,p  = 0  

At  Y = 1,                    0 ≤ X ≤ 1 ,       U nf,p = V nf,p  = 0   ,
∂θ nf,p

 ∂X
= 0 

At corrugated bottom wall 

For Y =  0.04 Sin(±2NπX) ,         0 ≤ X ≤ 1   ,       U nf,p = V nf,p  = 0  , θ nf,p  = 1 

 

On the insulated solid surface of the rotating circular cylinder: 
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X = 0.5 + R Cos(±2πt), Y = 0.5 + R Sin(±2πt), t = 0  to 1  

U nf,p  =  U o
(Y − Yo)

R
= Ω(Y –  Yo) 

V nf,p  =  U o
(X − Xo)

R
= Ω(X –  Xo)   

∂θ nf,p

∂nn
  = 0      ,         

∂θ P
∂nn

  = 0    

 

At the space between nanofluid-porous media: 

∂θ nf
∂y

=  
keff
kf

   
∂θ p 

∂y
        , θ nf   = θ p  

U nf  =  U P , V nf  =  V P ,                                               

Where:     

∂θ nf
∂nn

 and 
∂θ P
∂nn

: are for the nanofluid layer and the porous layer, respectively. 

Xo and Yo : are the cylinder positions inside the cavity. 

             nn : is a vector perpendicular to the cylinder.  

 

The boundary conditions for streamfunction are: 

Y = 0 and 1      bottom and top wall           0 ≤ X ≤ 1,            ψ = 0         

X = 0 and 1      Left and right wall               0 ≤ Y ≤ 1,            ψ = 0       

Cylinder X = 0.5 + R cosin(±2πt),   Y = 0.5 + R Sin(±2πt)  , t = 0    to  1,                        

 
∂ψ

∂Y
= U 0 = Ω(Y − Y0),

∂ψ

∂X
= −V 0 = Ω(X − X0) 

In addition, the heatfunction’s boundary conditions can be described as: 

At X = 0, Y = 1, Π (0,1) =  0  

At X = 0, Y = 0, Π (0,0) =  Π (0 , 1) − ∫
∂ Π  

∂ Y

1

0

  dY 

Π (0 , 0) =  Π  (0 , 1) + ∫
αnf,p

αf
 
∂θ 

∂X

1

0

dY 

At X = 1, Y = 1, Π (1,1) =  0  

At X = 1, Y = 0, Π (1,0) =   Π (1 , 1) − ∫
∂ Π 

∂ Y

1

0

  dY 
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Π (1,0) =  Π (1,1) + ∫
αnf,p

αf
 
∂θ 

∂X

1

0

dY 

 

NUMERICAL SOLUTION AND THE VALIDATION 

Numerical Simulation       

The Finite Elements Method based on the variational formulation is used to obtained the solution 

of the dimensionless governing formulas (Eqs. 5-29). In the current work, the steady-state velocity, 

temperature, and pressure distributions were calculated using a finite element approach, 

incorporating non-uniform triangular elements with mesh refinement in areas of high gradients 

and geometric complexity. The weak formulation of the governing equations was derived using 

the Galerkin method, followed by standard assembly of element equations, the imposition of 

boundary conditions, and solution of the resulting system utilizing an improved algorithm 

developed by the Rannacher method via an in-house developed C++ code  (Al-Zamily, 2016). The 

program's procedural flowchart is illustrated in Fig. (3). 

 

In the present study, the convergence criterion for streamfunction and isotherms are: 

∑ |𝜓𝑖
𝑚+1 _𝜓𝑖

𝑚  |𝑁
𝑖=1

∑ |𝜓𝑖
𝑚+1|𝑁

𝑖=1

≤ 10−7         and   
∑ |θ 𝑖

𝑚+1 _θ 𝑖
𝑚 |𝑁

𝑖=1

∑ |θ 𝑖
𝑚+1|𝑁

𝑖=1

≤ 10−7   

 

A grid accuracy test has been carried out to conduct the solution grid independently. To make sure 

that the solutions of the numerical results are not depend of the grid, accuracy testing is required. 

A series of trial calculations were performed for various grids and element numbers to confirm the 

grid solution independently utilizing several non-uniform grid systems in the instance as shown in 

Table 2. Findings of those trials are displayed in Table 2  for 𝜙 =0.02, Ra=104,    Da=10-3, r = 1.5 

×10 -2 m, Lc =10-1 m, and Pr=6.2. Based on Table 2, the results for 50 grid and 60 grid demonstrate 

very little variances, therefore, a 50 grid findings are acceptable to save a computational time (see 

Fig. 4). 

   

Validation  

To check the accuracy of the current results, the isothermes and streamlines are compared with 

Selimefendigil et al. [10] at Darcy numbers, Da = 10-2, 10-3, and 10-5, as indicted by Fig. 5. The 

comparison revealed a good agreement between the two works. 
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RESULTS AND DISCUSSION 

The effect of varying nanoporous media volume to the total cavity volume (HH =0%, 25%, 50%, 

70%, and 100%) on the heatlines, isotherms, streamfunction, dimensionless entropy, velocity 

vectors (U, V), Bejan number, and Nusselt numbers are cosidered. The analysis covered a range 

of cylinder angular velocities (Ω=0, ±3000, ±6000): 

 

Heatlines 

Heatlines are used to describe the heat flow through the enclosure from the hot source (corrugated 

bottom wall) to the cold sources (vertical walls). Counterclockwise heat flow is represented by a 

positive heat function, and clockwise heat flow is represented by a negative heat function. 

Heatlines for different values of the nanoporous media to cavity volume ratio at different angular 

velocities are plotted in Fig.(6).  

At Ω=0, conduction is the main method to transfer heat and govern the heat flow within the 

cavity, demonstrated by a straight heatline. Due to symmetrical boundary conditions along the Y-

axis, the heat is distributed equally to each cold wall. Because heat tends to travel a shorter distance 

due to low thermal resistance, the bulk of heatlines (about 60%) are found near the corners between 

the hot and cold surfaces. When the cylinder has an angular velocity, convection takes over as the 

main way of influencing the heatline magnitudes, allowing them to follow the velocity vector in 

the direction of the cold surface. Typically, the circulation form of heatlines is caused by the 

convection effect, which is reduced as the porous media volume ratio rises. Hence, the heatline 

magnitudes increase as the conduction effect rises. A more straight path has appeared across the 

porous media region as the porous media volume ratio is increased. Heatlines maintain their 

maximum absolute magnitude even when their orientation is changed from clockwise to 

counterclockwise. A rise in Ω will intensify the heatline's size because of the increase convection 

effect. At Ω=0, The heat flux is split equally between the vertical cold walls.  

When Ω=+3000, forced convection causes 55% of the total heat flow to travel a longer journey 

around the cylinder and the other part to travel a shorter path towards the vertical cold right side 

wall. while, for Ω=+6000, about 20% of the heat flux traveling in the direction of the vertical cold 

right side wall travels a shorter path, while the remaining 80% travels around the cylinder over a 

longer one. Increasing HH will increase the percentage of heat through the short path due to the 

reduction of fluid movement at lower areas. The heatlines magnitude rises as HH rises from 0 to 

0.25 at Ω=0 and Ω≠0. In general, increasing HH above 0.5 will not affect the heatlines magnitude 

since increasing nanoporous media volume generally leads to a reduction in convection heat 

transfer and the majority of heat will transfer to the cold lower walls. 
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Isotherms 

In Fig.(7), the infeluence of the dimensionless cylinder angular velocity and the ratio of 

nanoporous media volume to cavity volume on the isotherms are sketched. These isotherms are 

perpendicular to the heat flux (heatlines), especially at Ω=0. At Ω=0, the isotherms perpendicularly 

depart from the corrugated hot surface towards the insulated walls. Since most of the heat moves 

from the wavy hot wall to the lower side of the vertical walls, the denser isotherms are located next 

to the hot wall. The isotherms are symmetrically positioned around the vertical midline of the 

enclosure, indicating uniform heat transfer. Heatlines move in the direction of the corrugated hot 

wall as the conduction at the lower parts of the cold walls increases. for Ω≠0 and counter-clockwise 

rotation, the isotherms trend towards the right wall since forced convection is enhanced and most 

of the heat moves to the right cold wall. When the cylinder rotates in a clockwise orientation, 

similar behavior is seen, with the isotherms shifting in the direction to the left wall. As HH 

magnitude increases, isotherms tend to become flatter due to enhanced conduction. which leads to 

lower particle velocities within the porous media. 

 

Streamfunction: 

The streamfunction is plotted for several values of HH and Ω in Fig. (8). At Ω=0, the buoyancy 

force produces two symmetrical vortices with different directions, which manage the flow contours 

in the enclosure. When the nanoporous media volume ratio (HH) increases, the range of 

streamfunction is reduced. The absolute magnitude of streamfunction drops to 0.05-0.33 at 

HH=0.25% and keeps dropping more to 0-0.11 at HH=1. Overall, the range of absolute magnitude 

of stramfunction decreases as the nanoporous media volume ratio (HH) increases. When Ω≠0, the 

maximum absolute stream function rises with increasing velocity and decreases with increasing 

HH. The influence of Ω on the streamfunction is getting less as the HH value increases. At Ω=0, 

as the HH grows from 0 to 0.25, the maximum streamfunction magnitude drops. Maximum 

magnitudes won't be noticeably affected by the increase in HH of more than 0.5 because the 

majority of heat is carried through the cold walls' lower side potion. Since the rotating cylinder is 

completely covered with nanoporous media at/and above 0.75, the max streamfunction magnitude 

drops when Ω≠0 as HH grows up to that point. Table 3 shows the maximum streamfunction 

magnitudes with changing HH at different angular velocities. 

 

Dimensionless Entropy 

The dimensionless entropy inside the cavity is shown in Fig. (9) for different cylinder-rotating 

angular velocities and volume ratios of nanoporous media. At Ω=0, the dimensionless entropy is 

organized symmetrically around the vertical center line of the cavity and its magnitude drops with 

an increase in HH. The lowest magnitudes of the dimensionless entropy are found near the 

insulated top wall because of low heat transfer and poor fluid circulation. Whereas, the highest 

magnitudes are found near the highest heat transfer area at the corners of the bottom hot wavy 

surface (close to the junction between hot and cold surfaces). 
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The dimensionless entropy generation lines in Fig. (9) are clearly aligned with the heatlines, 

indicating that conduction serves as the main governing factor in the system, particularly at high 

HH. At Ω=±3000, forced convection begins to dominate the flow and causes an increase in 

dimensionless entropy magnitude by up to 71 times relative to Ω=0. The maximum magnitudes of 

the dimensionless entropy are found near the revolving cylinder and get smaller as they move away 

from it. This is because the entropy resulting from heat movement is lower than the entropy 

resulting from viscous dissipation. Comparing Ω=±3000 to Ω=±6000, the dimensionless entropy 

magnitude grew by approximately 5 times. The dimensionless entropy can be decreased by up to 

(1/143) (HH=1 magnitude/HH=0 magnitude) by increasing the HH. This result is due to the 

viscosity impact that reduces the entropy generation. 

 

Bejan Number 

Fig.(10) illustrates the variation of Bejan number (Be) with various Ω and HH. Because of the 

symmetrical boundary conditions at the two vertical walls, Be is symmetrically distributed around 

the Y-centerline of the cavity at Ω=0. For Ω=0 and HH=0, the influence of temperature and 

buoyancy force results in the emergence of a multiple (Be) vortex. The maximum Be number is 

related to the smaller velocity gradient. The impact of buoyancy force is reduced as (HH) 

magnitudes rise, and the Be magnitudes keep growing until reach the maximum values at HH=1. 

The maximum Be can appear close to the vortices surrounding the revolving cylinder at different 

angular velocities (clockwise or counterclockwise). As the nanoporous media ratio (HH) increases, 

friction force and (Be) increase, especially far away from the circular cylinder, Ultimately, high 

Be fills all the enclosure except the area surrounding the circular cylinder. 
 

 

Velocity Vector 

Fig. (11) shows the contour lines of the velocity vector (U˘,V˘) at different HH magnitudes and 

angular velocities (Ω=0, ±3000, ±6000). At Ω=0, the buoyancy force governs the heat and flow 

patterns inside the enclosure (free convection). Due to temperature variations at the hot wavy base 

wall and the maximum heat transfer to the bottom corners of the vertical cold walls, large 

circulations show up close to the hot base wall. With symmetrical boundary conditions, the 

velocity vector took a symmetrical pattern around the vertical center line of the cavity. Finally, 

with the increase of HH, the absolute maximum velocity vector decreases. Table 4 shows the 

percentage reduction in the maximum velocity vector with increasing HH. 

The maximum velocity vector will decrease by 75.5% when HH is increased from 0 to 0.25. 

Whereas, the maximum velocity vector will be reduced by 41.35% at HH of 0.5 compared to 

HH=0.25. Because the porous media layers enhance the quantity of heat rate to the cold walls, 

further increase in HH will not significantly affect the maximum velocity vector. 

The effect of Ω is noticeable for small HH. The flow starts to be dominated by forced 

convection and the velocity vector values near the revolving cylinder increase as Ω rises. The 

maximum absolute velocity vector magnitude is independent of rotational direction. With 

increasing porous medium (HH) volume ratio, the effect of the angular velocity decreases. 
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At HH=0.5, an interesting behavior for velocity vectors can be observed, the velocity vector for 

the nanofluid layers first decreases as they travel away from the solid cylinder and then increases 

and decreases. When the layer is changed with dense fluid, the reaction of the velocity direction 

shifts which causes this behavior. At Ω≠ 0, the maximum velocity vector always relates to the 

cylinder's rotational velocity.  
 

Nusselt Number  

In Fig.(12), the mean value of Nusselt number (Nu    ) along the Sinusoidal bottom wall for all cases 

at various values of HH and Ω is shown. As the rotational velocity increases, the mean Nusselt 

number rises until it reaches a plateau, where its value slightly varies. This behavior indicates the 

transition from free convection (at Ω=0) to mixed convection as rotational velocity increases. 

Further increasing the rotation speed (Ω>±6000) does not effectively improve (Nu    ), suggesting 

that further increase does not significantly enhance heat transfer due to increased viscous 

dissipation. At HH=0, Nu     has the highest value compared with the other cases. As the nanoporous 

media level increases (HH>0), the resistance to fluid flow offered by the porous medium increases, 

which hinders convective heat transfer.  

 

CONCLUSIONS 

A square cavity with a sinusoidal wavy bottom wall and insolated rotating cylinder at 0, ±3000, 

and ±6000 is investigated in this work to determine the effect of the nanofluid/nanoporous media 

volume ratio on the mixed convection heat transfer. The main constrain parameters that taken into 

account are Pr=6.2, r = 1.5 ×10-2 m, Lc =10-1 m, 𝜙=0.02, Ra=104, Da=10-3, kp= 0.845, amp=0.04, 

and N=6. The following conclusion draws from this study. 

1- The isotherms symmetrically depart from the corrugated hot surface towards the insulated 

walls and den close to the hot wall. As HH increases, they become flatter due to a decrease in 

particle velocity. 

2- The maximum velocity vector decreases by 75.5% when HH increases from 0 to 0.25. At HH 

= 0.5 It is decreased by 41.35% comparing to 0.25 and further increase in HH will not 

significantly effect the maximum velocity vector.  

3- At Ω=0, the bulk of heatlines (about 60%) are found near the corners between the hot and cold 

surfaces. As the nanofluid/nanoporous media volume ratio rises, the values of heatline increase 

due to rise in conduction and the path of heatlines across the porous media region becomes 

more forward. At both cases of Ω=0 and Ω≠0 the heatline values increase as HH increase from 

0 to 0.5 while these values won't be significantly affected by an increase of HH more than 0.5. 

4- When Ω is increased to ±6000, the dimensionless entropy increased by about 5 times compared 

to Ω=±3000. Increasing the HH will reduce the dimensionless entropy by up to (1/143). 

5- When Ω increases, the forced convection component becomes more dominant, leading to an 

increase in the mean Nusselt number until reaches a plateau. 
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Fig.(1): Schematic diagram of physical problem. 

 

Fig. (2): Schematic of the studied cases: light area represents the Al2O3/water nanofluid and 

dark area represents the nanoporous media (porous media saturated with Al2O3/water nanofluid). 
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Fig. (3): Schematic Flow Chart of program. 
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Fig. (4): The mesh of the computational space. 

 

  

 

Da = 10-5 

 

Da = 10-3 

 

Da = 10-2 

Al2O3 – water , 𝜙=0.02, Ra=104,  Ω=3000 ccw, R=0.2 

 
 

Da = 10-5 

 

Da = 10-3 

 

Da = 10-2 

Al2O3 – water, 𝜙=0.02, Ra=104,  Ω=3000 ccw, R=0.2 

Selimefendigil et al (Selimefendigil et al., 2017) Present work 

 
Fig. (5): A comparison of isotherm and streamlines between current work Selimefendigil et al 

(Selimefendigil et al., 2017) with mixed convection in a square cavity for Da = 10-2, 10-3, and  10-5. 
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Fig. (6): Heatlines of Al2O3-water nanofluid at various dimensionless cylinder angular velocities 

(Ω=0, ±3000, ±6000) and various magnitudes of HH= (0,0.25,0.5,1) with 𝜙=0.02, Ra = 104, Da = 

10−4 and R=0.15. 
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Fig. (7): Isotherms contours of Al2O3-water nanofluid at various dimensionless cylinder angular 

velocities (Ω=0, ±3000, ±6000) and various magnitudes of HH= (0,0.25,0.5,1) with 𝜙=0.02, Ra = 

104, Da = 10−4 and R=0.15.  
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Fig. (8): Streamlines contours of Al2O3 – water nanofluid at various dimensionless cylinder angular 

velocities (Ω=0, ±3000, ±6000) and various magnitudes of HH= (0,0.25,0.5,1) and 𝜙=0.02, Ra = 104, 

Da = 10−4 andR=0.15.  
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Fig. (9): Dimensionless Entropy contours of Al2o3 – water nanofluid at various dimensionless cylinder angular velocities (Ω=0, 

±3000, ±6000) and various level of HH= (0,0.25,0.5,1) from the cavity height and 𝜙=0.02%, Ra = 104, Da = 10−4 and R=0.15.  
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Fig.(10): Bejan Number behavior of Al2O3 – water nanofluid at various dimensionless cylinder angular 

velocities (Ω=0, ±3000, ±6000) and various magnitudes of HH= (0,0.25,0.5,1) from the cavity height 

and 𝜙=0.02, Ra = 104, Da = 10−4 and R=0.15.  
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Fig. (11): The velocity vector (U, V) contour lines of Al2O3 – water nanofluid at various dimensionless 

cylinder angular velocities (Ω=0, ±3000, ±6000) and different HH= (0, 0.25, 0.5, 1) at 𝜙=0.02, Ra = 104, 

Da = 10−4 and R=0.15. 
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Table 1. Physical features of the base fluid and nanoparticles at 25 °C (Cimpean, 2022). 
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𝐮

Physical Property Units Base Fluid(water) Al2O3 

Cp J/kgK  4179  765 

ρ kg/m3  997.1  3970 

k W/mK  0.613  40 

β × 10−5 k-1 21.0 0.85 

Fig. (12): Nusselt Number behavior of Al2o3 – water nanofluid at various dimensionless cylinder 

angular velocities (Ω=0, ±3000, ±6000) and various magnitudes of HH= (0,0.25,0.5,1) and 𝜙=0.02,       

Ra = 104, Da = 10−4 and R=0.15.   
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Table 2. Grid sensitivity and accuracy. 

 

 

Table 3. The maximum streamfunction magnitudes with changing HH and Ω 

 

 

 

 

 

 

 

 

 

 

Table 4. The percentage reduction in the maximum velocity vector with increasing HH. 

HH  0.25 0.5 0.75 1 

Max velocity vector as a 

percentage to previous magnitude 

75.5% 41.35% 0.78% ≈ 0.0% 

 

  

elements grid |𝚿𝐦𝐚𝐱| θmax Πmax Nuav 

672 20 0.83856 1 3.46499 9.14228 

1494 30 0.84487 1 3.84464 9.78167 

2598 40 0.84513 1 4.08575 10.2127 

4190 50 0.84683 1 4.27515 10.5749 

5928 60 0.84681 1 4.27509 10.5745 

     Ω 
HH 

0 0.25 0.5 0.75 1 

0 0.86 0.33 0.11 0.11 0.11 

±3000 56 45 27 24 24 

±6000 91 79 48 44 44 
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